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P^' 1. Introduction 

^^ I Let -L be a number field. An abelian variety A/L is called a abelian L-variety 

CO ■ if for each a S Gal(L/_L) there exists an isogeny /io- : A'^^A such that ip o ji^ — 

Cn I jic, o ip'^ for all ip G End(yl). The current interest on abelian L- varieties began, 

with L — Q, when K. Ribet observed that absolutely simple factors of the modular 
Ph ! Jacobians Ji{N) are in fact abelian Q- varieties |2j. Actually, after the proof of 

•7" ■ Serre's conjecture on representations of Gal(Q/Q) [31 3.2.4?], every so-called building 

blocks (namely those Q-varieties whose endomorphism algebra is a central division 
algebra over a totally real number field F with Schur index t — 1 or t = 2 and 
C^ I t[F : Q] = dimA), is an absolutely simple factors up to isogeny of a modular 

Jacobian Ji(iV). 

In the dimension one case, we can think elliptic L-curves as generalizations of 
elliptic curves defined over L. Indeed, given an elliptic L-curve E (without Complex 
^ I Multiplication) we can define a projective representation 

(1.1) p'e ■■ Gal(Z/i) -^ GL2 
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Cn . generalizing the classical representation on the Tate module of an elliptic curve over 

^: L. 

^^ . In the dimension two case, we have a similar situation with the so-called fake 

^— ^ ' elliptic curves or abelian surfaces with quaternionic multiplication (QM), namely, 

pairs (A, i) where A is an abelian surface and i is an embedding of a quaternion 
order O into its endomorphism ring. If we set A = _E x £' with O ~ M2 (Z) and the 
obvious embedding into End(-B x _E), we recover the classical dimension one setting. 
In this paper we shall construct a map P(A,^)^ attached to an abelian L-surface with 
5^ \ QM {A, i), of the form 

P(A,^) :Gal(Z/i)^(0®A/)V(End(A*)®Q)'' 

where A/ is the ring of finite adeles and End(A, i) is the set of endomorphisms 
commuting every element of the image of ^. The ^-adic component of P(a,i) "will 
coincide with the projective representation of (jl.ip in the classical scenario. As well 
as in this classical setting, the map P(A,i) will depend on the choice of a basis of 
all Tate modules TgA. We will see that this choice is equivalent to the choice of an 
isomorphism of O- modules Lp : Ator — ^ B/O (Lemma 12. 2p . where Ator is the set of 
torsion points of A and i? = O (x) Q is the corresponding quaternion algebra over 
Q. Hence, once the choice of Lp is provided, we will denote the corresponding map 

as P(A,i,^)- 

It is easy to deduce that, given an abelian L-surface with QM (A, i), any pair 
(A', i') L-isogenious to (A, i) is also an abelian L-surface with QM. This implies 
that the Z-isogeny class of {A,i) has a well defined action of Gal(Z/L). The main 
goal of this paper is to describe such Galois action by means of the map p(A.i)- Iii 
order to do that, we will consider the X-isogeny class of (A, i) as a set of X-rational 
points of the certain Shimura curve X^. By means of the moduli interpretation of 
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Xy ; the Galois action on the isogeny class will be translated into a Galois action on 
this set of infinitely many points. We will characterize this set of points as a double 
coset space (Proposition 13.31) and finally, in Theorem 14. 2[ we give a description of 
the Galois action by means of the map pi^A.i)- 

The article is structured as follows: In 0we introduce abelian L-surfaces with 
QM and the map P[A,i,ip)i we give some of its properties distinguishing between 
the Complex Multiplication (CM) case and the non-CM case. In ^we introduce 
Shimura curves X-c and their moduli interpretation, moreover, we characterize the 
isogeny class of an abelian surface with QM as a double coset space with a concrete 
embedding into Xy- In §4] we present our main result describing the Galois action 
on the isogeny class of an abelian L-surface with QM (A, i) by means of the map 
P(A.i,ip)- 111 iS]we discuss about distinct moduli problems that the Shimura curve 
Xy solves and the reinterpretation of our main result in these new terms. Finally, 
in ^we give a complete description of the CM case characterizing the map piA.i,ip) 
via Class Field Theory. 

1.1. Notation. Let Z denote the completion of Z, hence Z = lim(Z/A^Z). Let Af 

denote the ring of finite adeles, namely A/ = Z Q. Note that Q/Z = lim Z/iVZ, 
therefore 

End(Q/Z) = Hom(lii^(Z/iVZ),Q/Z) =^Hom(Z/7VZ,Q/Z) 

= limHom(Z/iVZ, Z/iVZ) = hm(Z/iVZ) = Z. 

Let B be an indefinite quaternion algebra over Q of discriminant Z?, and let O be an 
Eichler order in B. Let G be the group scheme over Z such that G{R) = {0°pp<S>R)'' 
for all rings R, where 0°pp is the opposite algebra to O. Note that the group G{Af) 
does not depend on the Eichler order O chosen since it is maximal locally for all 
but finitely many places. 

Write O = O ® Z, then me have the isomorphism O = lim(C'/A^O). Moreover 
lim(C'/A^C') = B/O as O-modules. By the same argument as above, this implies 
that EndoiB/O) = d°PP. Hence we can identify G(A/) = (Endo(B/0) Q)^. 

Throughout this paper, we will denote End := End (K> Q. 

2. Abelian L-surfaces with Quaternionic Multiplication 

An abelian surface with QM by O is a pair (A, i) where A is an abelian surface 
and I is an embedding O M> End(A), optimal in sense that i{B) D End(yl) = t{0). 
If the order O is clear by the context, we will call them just QM-abelian surfaces. 
Let us consider the subring 

End(A, i) = {Xe End{A) : A o i{o) = ^(o) o A, for all o £ O}. 

If A is defined over C, End(yl,i)" can be either Q or an imaginary quadratic field 
K, in this last situation we say that (A, i) has complex multiplication (CM). 

Definition 2.1. Let M/L/Q be number fields. A abelian L-surface with QM by O 
is an abelian surface with QM by O {A, i) over M such that, for all a £ Gal(M/L), 
there exist an isogeny p^ : A'^ —;■ A, such that p^r ° i{oY = «(o) o n^ for all a ^ O. 

Given an abelian L-surface with QM we shall construct a map 

P(A,^,^) : Gal(Z/L) ^ G(A/)/End°(A,j)>^ 

that describes the Galois action on the Tate module. In order to do this, we will 
fix an isomorphism (p : Ator -^ B/O. The following result shows that to choose 
such an isomorphism Lp is equivalent to choose a basis {ipi, ip2,^3,^4} of the Tate 
module f{A) = Hom(Ator,Q/Z). 
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Lemma 2.2. Given a basis {ipi}i=i...4 ofT{A), there exists al^-basis {ei}i^i...4 of 
O such that 



ip:At,r^B/0; P ^^ J2 ^^^^^ 



is a O-module isomorphism. Analogously, given a O-module isomorphism ip : 
■^tor -^ B/O, any "L-hasis {ei}i=i...4 of O provides a basis {(/5i}i=i...4 of T{A) 
satisfying <fi{P) = J2i=i fi{P)ei- 

Proof. Since {(pi}i=i...4 is a basis, the map A^or ~^ (Q/^)^ is an isomorphism. Then 
there exists a unique sequence {P„}ngN C Ator such that fi{Pn) = —5\. Since A 
has QM by 0, we know that A[n] ~ O/nO. Thus there exists ej G O such that 
fi{i{ej)Pn) = — 15! (in particular ei = 1). We claim that {ei}i=i...4 form a Z-basis 
for O. Indeed, for any a G 0, there exists Ui £ Z such that ipi{i{a)Pn) = —, thus 

Since {<Pi}i=i...4 form a basis and P„ generates A[n] as O-module, we conclude 
a = '^j^i...4njej and {ei}i_i...4 form a Z-basis for O. 

Finally, we consider the well defined morphism ip and let a — X]7=i--4 '^i^j ^ ^j 
then 

(f{i{a)Pn) = E nj(pi{i{ej)Pn)ei^ ^ nj-Sfei = - ^ n^e^ = q;</?(P„). 

i,j=l---4 ij'=l---4 i=l---4 

Since P„ generates j4[ri] as a O-module, we conclude that </? is a O-module isomor- 
phism. 

Analogously, given a O-module isomorphism (p : Ator ^ i?/0 and given a Z-basis 
{ei}i=i...4 of O, we define the morphism (pi{P) — Xi, where ip{P) = X]i=i--4 ^«^«- 
It is clear that {ipi}i=i...4 provides a Z-basis of IIom(A(oj.,Q/^)- O 

Since A/M is an abelian i-surface with QM, we can fix isogenics ^^r '■ A°' -^ A, 
for all a G Gal(i/L). We denote P{A.i,ip){o') the element in End(_B/0) satisfying 

p{ji„{P'')) = p{P)p^Aa,<p){<^), for all P G Ator- 

We compute that, for all a G O, 

{a^{P)) PiA.,^){a) = p{fi^{{t{a)Pr)) = pif^M^^r (P^))) - p{t{a)fi,{P'')) 

= a^(Ai^(P'")) == a {'p{P)p(A,r,,p){<^)) ■ 

Thus p(^ J ,p)(cr) G Endo (_B/0). Since /i(j has finite kernel, we deduce that p(yii;p)((T) G 
Endo(B/0)^ . Once we identify End^(B/0)^ with G{Af), we have a map 

p^A,^.^) : Gal(Z/i) -^ G{Af). 

This map may depend on the choice of the isogenics iia- , nevertheless we can con- 
sider the quotient G'(A/)/End°(A, i)^ , where End°(A, «)^ is embedded in G(A/) by 
means of the natural embedding 

p* :End"(A,«)^ ^ G(A/) =End%{B/0)'' ; p*{\) = A* = poXo ip-\ 

Hence the composition with the quotient map, gives rise to a map of the form: 

p^Aa,<p) ■■ Gal(Z/L) -^ G(A/)/End"(A,*)x. 

Lemma 2.3. The map p[A,t,ip) is independent on the choice of the isogenics p,a. 
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Proof. Let jj,'^ : A^ — ^ A be another isogeny. Then A^ := -^^ — r/ij^ o ^^ g 
End°(A, i)^. We denote by p\j^^ \ the element in G{Af) obtained using /i^ in- 
stead of /icr • Thus we have: 

= fiP)P{A,i,<p)i<^)K- 

Thus p[A.,,^)i<^) = P(A,t.,v)i'^)K and 

p[a.,,^) (^)End°(A, z) X = p(^,,,^) (a)EndO(A, z) - , 
which proves our assertion. D 

Note that G(A/)/End {A,t)^ is a group in the non-CM case. Nevertheless, in 
the CM case, End(A, i)° = ii' an imaginary quadratic field, hence K^ it is not 
normal in B{Af)^ . 

The embedding End(A, t) ^^ 0opp gives rise to an embedding of groups, End(A, t) M> 
G{R), for all rings R. Let us denote by NaI^ be the normalizer group scheme of 
End(j4,z) in G, namely, the group scheme over Z such that Na{R) is the normal- 
izer of End(j4,i) in G{R). Note that Na — G, in the non-CM case. Moreover, if 
{A,i) has CM by the imaginary quadratic field K, then Na{Q) = K^ \JjK^, with 
j^ G Q^ and jk = kj for all k G K'^ . In any case iVA(A/)/End°(A, i)^ is now a 
group. 

Lemma 2.4. The map piA.i,ip) factors through 

P(A,,,^) : Gal(Z/L) '^"' iVA(A/)/End"(A, ^)x -^ G(A/)/End°(A,i)x 
Moreover, the map p^j^ ^ ■. is a group homomorphism. 

Proof. On the one side, for all a G Gal(Z/i) and A G End(A, i) we have 

P(A,i,v){<^)>^* P(A,i,^){o-r^ e End(A,i)°. 
Indeed, 

{deg^l„)Lp{P)p(A,^,v){(^)>^*P(Aa,v){(^T^ = {'^Cgp„)Lp{\{p„{P'')))p(^A,t,v){(^y^ 

= ^{p^AHMpnW) 

= ^{{plMi,Y'\p)) 

= ^{p)({p'„\p.r 



where clearly {p^Xp^Y "= End°(A, i). Therefore P{A,i.ip){(^) G ^A{Af). 
On the other side, one checks that 

acts on TA ® Q := (J| TpA) ® Q in the same way as does 

C(A,,)(ff,T) -(l/deg(^^,))^,A*rMar ^ (End(A, i) ^z Q) "" -End°(A*)^ 
In particular, the quotient P{A,i.if>) ("■) is a group homomorphism. D 

Remark 2.5. Assume that the discriminant D = 1, thus the quaternion algebra 
B = M2(Q). An abehan surface with QM by O = M2(Z) is the product A^ExE, 
where E is an elliptic curve. In the particular case that E is defined over L (thus 
clearly yl = i<^ x i<^ is an abelian i-surface with QM), the representation piA.t,ip) 
is just the quotient modulo En(Y{A,t)^ = End°(ii^)^ of the classical action on the 
Tate module 

PE ■■ Gal(Z/L) -^ GL2(Z) ^ [|GL2(Z^) ^ GL2(A/). 



galois action on q-isogeny classesof abelian surfaces with quaternionic multiplication 

3. Shimura curves and isogeny classes 

Assume that Oq is a maximal order in B, let F be an open subgroup of Oq ~ 

G(Z). We say that two Oo-module isomorphisms ip,ip' : Ator — > B/Oq are F- 
equivalent if there exists a 7 G F such that ip' = i^j. The Shimura curve Xr, 
is the compactification of the coarse moduli space of triples {A,i,ip), where {A,i) 
are abelian surfaces with QM by Oq and (p is a F-equivalence class of Oo-module 
isomorphisms ip : Ator -^ B/Oq. The curve Xr is defined over some number 
field Lr- If fc is a field of characteristic zero, given P G Xr{k) corresponding to 
the isomorphism class of a triple {A,i,<p)/k, its Galois conjugate P'^ G Xr(fc), for 
a G Gal(fc/fc), corresponds to the isomorphism class of {A'^ , i" ^ cp'^), where 

^- : A%,, ^ i?/Oo; ^"(Q'^) - ^(Q)- 

Thus, a fc-rational point P on X^ corresponds to the isomorphism class of a triple 
{A,i,(p)/k which is isomorphic to all its Gal(fc/fc)-conjugates. 

The complex points of the Shimura curve are in correspondence with the double 
coset space 

^r(C) = (FooF\G(A))/G(Q) U {cusps}, F^o = | (" ^^ Me GL2(I 

The triple [Ag^ig^Cpg) over C corresponding io g — {goo,gf) £ G(A) is Ag := 
(B (X) R)g^/Ig^, where Ig^ = Oogf n B and {B (g) R)g^ = M2(M) with complex 
structure h,, 



V :C^M2(M); i ^ g,^ 



-1 



-1 



the embedding ig : Oq — ;> End(j4g), is given by ig{a){h ® z) — ah® z; and Cpg is the 
F-equivalence class of ipg : {Ag)tor ~ B/Ig^ -^ B/Oa, ^g{h) = bgj^. We compute 
that 

End"(Ag, ig)"" = {7 e AuteiB ® R) : 7/g^ ® Q = /g^ ® Q and 7/1^^ == hg^l} 
= {7 e G(M) : 7B = i? and 7^7^' = V } 



{7G 
{7G 



7^300 7 ^ ^hg^} 



Remark 3.1. In most of the literature, objects classified by the Shimura curve Xr 
are triples (A, i, ip), where (A, i) is an abelian surface with QM by Oq as above and ip 
is a F-equivalence class of Oo-niodule isomorphisms ip : T{A) = lioin{Ator, Q/Z) ^ 
Oq. It is clear that this interpretation is equivalent to ours, since for any (p : Ator ~^ 
B/Oq we have the corresponding isomorphism 

iP : f{A) = Hom(Ato„Q/Z) ^ Hom(B/Oo,Q/Z) :^ Oq. 

Remark 3.2. In the particular case that F = Fat == kcr(G(Z) -^ G{Z/NZ)), to 
give a F-equivalence class of isomorphisms (p : Ator -^ B/Oq is equivalent to give 
an isomorphism ip^ '■ ^W] — > Oq/NOq, namely, a level-A^-structure. This is the 
classical Shimura curve situation. 

We say that two triples {A,i,(p) and {A',i',(p') are isogenious if there exist an 
isogeny (p : A' ^ A, satisfying (p ° «'(q:) = «(«) ° 4>, for all a E O. We denote by 
(j) : {A',i') — > {A,i) the isogeny with the corresponding compatibility with respect 
to I and i' . 

Let P G Xr(C) be a point corresponding to {A,i,(p). Let us denote by [P] 
the C-isogeny class of {A,i,(p)/C in Xr, namely, the set of points Q G ^r(C) 
parametrizing triples {A' ,i' ,<f')/C where {A',i') is isogenious to {A,i). 
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Proposition 3.3. Let P = [g] ^ [g^, 1] e {V^T\G{K))/G{<^) C Xr(C). Then we 
have the following hijection 

i^g^ : T\G{Af)/End°iAg,ig)'< ^ [P]; gj ^ [g^.gf]. 

Proof. The non-CM case is described in [1] Lemma 1], we give here a proof that 
works in any case. Recall that {Ag^Tig^,(pg^) is the triple corresponding to P. 
For any gf G G{Af), there exists n G Z such that IgfU C Oq, therefore we have the 
isogeny 

^9^9f =iB® ^g^ /Igs -^{B® R)g^ /Oo =Ag^, 6 ^ nb, 

which is clearly compatible with the embeddings tg^ and Jg^g, since the inclusion 
^3f"- '~= C'o is a monomorphism of Oo-modules. This implies [500,5/] G [P], for all 
5/eG(A/). 

Conversely, any isogeny {Agi g. , igi g,) ~^ (^goo i *goo ) induces an equality of com- 
plex structures (B (g) M.)gi = {B (S) ^)g^ , that implies that 5^ — Toogao- Therefore 
the corresponding point [5^ , gf] has a representant of the form [goo , g'A in the double 
coset space (roor\G(A))/G(Q). 

We conclude that we have a surjective map 

r\G(A/) — > [P]; gf^[g^,gfl 

and the result follows from the fact that [500,5/] = [5oo,5f] in (roor\G(A))/G(Q) 
if and only if there exists /3 G G(Q) such that 5/ = g'r^ and 5oo/3 G roo5oo, hence 

/3eElid\Ag^,lgJ>'. D 

Remark 3.4. Let us consider the natural map 

^r 2 (roor\G(A))/G(Q) A roo\G(M)/G(Q), [500,5/] ^ [5oo]. 

Then it is clear that, if P = [5oo,5/], the isogeny class [P] is the fiber of ^p over 

[500] • 

4. Galois action on isogeny classes 

Assume now that {A,t) is an abelian L-surface with QM by Oq, let {A,i,(p) be 
a triple corresponding to the point P G Xr(Q). First we show that any {A',i') 
isogeiious to {A, i) is an abelian L-surface with QM. 

Lemma 4.1. Let (A, i)/L he an abelian L-surface with QM and assume that {A' , i')/L 
is isogenous to {A,i). Then {A' ,i')lL is an abelian L-surface with QM. 

Proof. Let a G Gal(L/P). Since {A,i) is a P abelian surface with QM, there exists 

an isogeny (A°',i'^) -^ {A,i). Fix an isogeny {A' ,1') -> {A,i). Thus by conjugating 
<f> hy a and composing with (f>^ o IJ'a, one obtains 

{{AT, {iT) ^ (A'', in ^ {A, z) ^ {A\ t'). 
Hence {A',i')/L is an abelian L-surface with QM. D 

Note that, since P and so {A, i) are defined over Q, the C-isogeny class coincide 
with the Q-isogeiiy class [P]. Moreover, the above lemma implies that Gal(L/L) 
acts on [P]. Indeed, if Q G [P] corresponds to {A' ,i\(p') and a G Gal(L/L), then 
(5°' parametrizes {{A'Y , [i-'Y i i'f'Y)- Since [A' ,i') is an L-abelian surface with QM 
by the lemma, there exists //^ : ((A'Y , [I'Y) -^ {A',i'). This implies {{A'Y , («T) 
is isogenous to {A, i), hence Q"" G [P]. The main theorem of this section relates this 
action with the map pfA,i.ip) introduced in ^ by means of the characterization of 
[P] given in Proposition [ 
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Theorem 4.2. Assume that P — [goojl] G ^r corresponds to a triple {A,i,(p), 
where {A, i)/Q is an ahelian L-surface with QM and (p is the T-equivalent class of 
the natural isomorphism 

f : Ator = {{B ® W)g^/0^)tor -^ B/Oo, 

Then the map P(A,i.ip) ■ Ga\{L/L) — > G'(A/)/End {A,i)^ constructed by means of 
if satisfies 

for all gg G G{Af) and cr G Gal(L/L). 

Remark 4.3. Note that, by Lemma 12.41 the image P(A,i,<p){'^) lies in the com- 
mutator of End {A,i) in G{Af), thus the product gfPiA,t,ip){^) is well defined in 

r\G(A/)/End°(yl,*)- 

Proof. Recall that the abelian surface corresponding to ^'goaidf) i^ given by the 
complex torus Ag^ = (i?®]R)g^//g^, where /g^ — BDOogf. Moreover, considering a 
representative of Fg/End^ (A, i)^ such that g7^ £ Oo, the Oo-stable isogeny between 
A and Ag, is given by 

(f,g^:A^{B® R)g^ /Oo — > (B ® M.)g^ /Ig, ^ Ag^, h^-^b. 

Also recall that a representative of Cpg, is given by 

^g, : {Ag^)t,r = {{B(g,R)g^/lg^)tor = B/lg^ -^ B/O^, b ^ bgj\ 

Thus one checks that <fg, o (j)g — ipgj : Ato^ ~^ B/Oq- 

For any a G Gal(L/L), the point ipg^ {dfY corresponds to the triple {A'l , I'l , <^g , )• 
We have the following isogenics 

{Al^^il^) h {A'^,^n ^ (A,0 H (A„,zg,), 
thus [A'l ,i'l,) and {A,i) are linked by the isogeny (f)'l o ji^. This implies that, for 



ah P £ Ator, we have v{P)^-t{^g^{gfYr^ = ^^ (^^ (^^(F))), hence 



= deg{p„)iPgj.{(t>g^.{P)) 

We conclude gfP(A^^,^)icr) = i^gJ^ii^g^igfY), thus i^g^igfP(A.z,^)icr)) = V-g^Cff/)"^- 



D 



5. Change of moduli interpretation 



In section ^ we defined an abelian i-surface {A, i) with QM by any Eichler 
order O and defined the corresponding representation p(A,i,ip) attached to a fixed 
O-module isomorphism ip : Ator -^ B/O. Nevertheless, we used a maximal order 
Co to define the Shimura curve Xy and to describe its moduli interpretation as the 
space classifying triples (Ao,io,(^o)i where (Ao,io) has QM by Oq- In this section 
we shall change this moduli interpretation for some of this Shimura curves X^ in 
order to classify abelian surfaces with QM by O. 

Thus from now on O will be an Eichler order in B of level N and Co a maximal 
order such that O C Oq- Fix the embedding A : O ^-> Oq. Let F be now an open 
subgroup of O^ — (O Z)^ . Since O^ is an open subset of G{1j) = O^ by means 
of A, the subgroup F is also an open subgroup of G(Z). Thus we can consider the 
Shimura curve Xr- 
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Proposition 5.1. We have an equivalence of moduli interpretations for the Shimura 
curve Xy- It either classifies: 

(i) Triples (j4o, Zq, <^o); where (Ao,io) is an abelian surface with QM by Oq 
and (fQ is a T-equivalence class of Og-module isomorphisms (pQ : (^o)tor ~^ 
B/Oo. 
(ii) Triples (A,i,ip), where {A,i) is an abelian surface with QM by O and Lp is 
a T-equivalence class of O -module isomorphisms if : Ator — > B/O. 

In order to prove this proposition we will need the following lemma. Note that 
the embedding A : O ^-j- Oq gives rise to a morphism A : B/O -^ B/Oq. 

Lemma 5.2. There exists a one-to-one correspondence between triples {A,i,tp), 
where {A,i) is an abelian surface with QM by O and Lp is a O-module isomorphism 
If : Ator- -^ B/O, and triples (Aq, *o, <y'o); where (^o,*o) is an abelian surface with 
QM by Co and ipo is a Oo-module isomorphism tpo '■ (^o)tor —> B/Oq. A triple 
(A, I, ip) corresponds to {Aq, iq, (p>o) if there exists an isogeny : A — >■ Aq, such that 
ipQ o (p = X o ip and (f> o i{a) = iQ{\{a)) o cf), for all a G O. 

Proof. Given {A, i, (p), let us consider the subgroup C := (p^^(ker{B/0 -^ B/Oq)) C 
Ator- Therefore, we can construct the abelian surface ^o = A/C and the corre- 
sponding isogeny cf) : A -^ Aq. Since O C Oq, for all a G O, we have Q;(kerA) C 
ker A, hence, i{a)C C C and the embedding i gives rise to an embedding iq : O ^^ 
End(Ao)- Moreover, the O-module isomorphim ip gives rise to a O-module isomor- 
phism pq that fits into the following commutative diagram: 

Ator ^ B/O 





V 






tor 








• 

= At 


or / ^ ~ 


•Pa 


_^ 



[AQ)tor=Ator/G^^^^B/OQ 

Hence (foO(j) = Xop. Moreover, the fact that {Ao)tor — B/Oq as O-modules implies 
that iQ can be extended to an embedding iq : Oq ^^ End(Ao). Thus {Aq,iq) has 
QM by Oq. We have constructed the triple {Aq, ia,ipa) corresponding to {A, i, ip). 

Finally, given (Ao,^o,<po), let us consider C^ :— ip^ (ker(i?/Oo — > B/O)), where 
A^ : B/Oo -^ B/O is given by A^(6) = [Oq : 0]X~^{b). We define A := Aq/C^, 
thus the isogeny with kernel C^ is the dual isogeny of some (p : A ^ Aq that fits into 
the above commutative diagram for some O-module isomorphism ip. We construct 
the triple {A,i,ip) corresponding to {Ao,iQ,ipQ) as in the previous situation. 

D 

Due to this previous lemma we can easily prove the above proposition: 

Proof of Proposition 15. Jl We know that the Shimura curve Xr classify triples (Aq, iqj <^o) 
as in (i). By the above Lemma, given a representative ipo of the T-equivalence class 
ipo, there exists a triple {A,i,ip), where 93 is a O-module isomorphism. It is clear 
that the F-equivalence class (po corresponds to a F-equivalence class (p. D 

Definition 5.3. A triple with QM by O is a triple {A,i,ip), where {A,i) is an 
abelian surface with QM by O and ip is a O-module isomorphism ip : Ator — > B/O. 
A L-triple with QM by O is a triple {A,t,p) with QM by O such that {A,i) is an 
abelian i-surface with QM. 

We denote the one-to-one correspondence of Lemma 15.21 by 

Ag" : {Triples with QM by O} — > {Triples with QM by Oq} 

Note that, given a triple {A, i, ip) with QM by O, one can construct the projective 
representation 

p^A.,p) ■- Ga\{L/L) -^ G(A/)/End*'(A«)^ 
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The following result relates the representations attached to triples associated by the 
correspondence A^'\ 

Lemma 5.4. Let (A, i, ip) be a L-triple with QM by O. Assume that Aq"{A, ^, ip) — 
{Ao^iOjipo), then we have that {Ao,iQ,ipQ) is a L-triple with QM by Oq and 

when we identify G{Af) = End^(B/e')^ = End^^(B/0o)'' by means of X. 

Proof. We know that there exists an isogeny cj) : A —^ Aq, such that (po o cj) = X o (p 
and o j(a) — io(A(a)) o (p, for all a (£ O. Since {A,i) is an abelian L-surface 
with QM, there exists isogenics ij^^ ■ A" — > yl, for all a G Gal(i/L), such that 
/i(j o i{oY = «(o) o p,„ for all o £ O. The composition 





^^Ao-n a-^aAao, 


satisfies 




M^*o(A(o)r 


= o ^^ o {(i,")^ o loiXio))" ^(t)ofi„o i{oy O 



= 0oi(o)o^^o(,/,'^)v =io(A(o))o^o^ foralloeO, 

thus /zJJ o io{a)'^ — io(q:) o /ij^ for all a ^ Oq. This implies that {Aq, iq) is an abelian 
L-surface with QM. 

Moreover, for all a £ Ga\{L/L) and P e (Ao)tor, we have 

mpUpd = M<f>°t^.oirnpn)^xip{pAr{pr))) 

= K'P{4>'^ {P)))p(A^t,v){^) = deg(0)(^o(-P)P(A,j,v)(o-)- 
This implies /0(A,j,<^)(cr) = P(Ao,to,vo)i^)- ^ 



Remark 5.5. As a consequence of this lemma, we obtain that Theorem 14.21 also 
applies if we change the maximal order Oq by a not necessarily maximal Eichler 
order O, considering the moduli interpretation (m) of Proposition 15.11 

6. Complex Multiplication abelian _ft'-suRFACES with QM 

In this section we shall deal with the Complex Multiplication (CM) case. Hence, 
only for this section, we assume that the abelian surface {A, i) with QM by O has also 
CM by K, so is to say End°(A, i) = if an imaginary quadratic field. The following 
result describes the projective representation p¥^ ^ -. (and therefore P{A,i,<fi)) in tlic 
CM case: 

Proposition 6.1. Assume that End(j4,i) ~ Ok, an order in K. We have the 
following results 

(i) Any abelian surface {A',i') with QM by O and CM by K is isogenious to 

{A,i). 
(ii) We can chose a representative of the isomorphism class of {A, i) defined 

over Q. Moreover, it is an abelian Q-surface with QM. 
(iii) Given any isomorphism ip : Ator ^ B/O, the restriction to GaX{K / K) 
of the corresponding projective representation p¥j^ ^ > factors through the 

inverse of the Artin map Art : A^ f/K^ — > Gst\{K°'^ / K) , namely, we 
have the following commutative diagram 

N 

Gal(Q/Q) '^^ NA{ks)lK^ 



G&\{K/K) ^ G&liK^^/K) - ^Kj/K' 
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(iv) The representation p^j^ ^ s factors through Ga\{K'^^ / K) x Gal{K/Q) send- 
ing the generator of Geil{K/Q) to the class jK^ , where j G Na{Q_) is any 
element satisfying j^ S Q^ and jk = kj, for all k £ K^ . 

Proof. We have just seen that abehan surfaces with QM by O over C are classified 
by the non-cuspidal points of X^^ . Assume that (A, i) with CM by K corresponds 
to [ffooiS/] £ (rooC'^\G(A))/G'(Q). Thus the complex structure on its tangent 
space is given by an embedding hg^ : C M> iJ°PP (g) R. On the other side, we have 
the natural embedding ^^^a^i) ■ EndCA,j) '-^ Endo(£ri(yl, Z)) = Endc)(/g^) = 0°^^, 
giving rise to 4'(A,i) ■ Ok ^^ 0°^^ , satisfying 

^(A,,){K) n 0°P-P - End°(A,z) nEndo(iA) = End(A,i) = i^(A,^){OK)■ 

Since any pair 4'{A,t){k), k G K^ and hg^{z), z G C commute in Endc)(iJi(y4, Z) (3 
R) = i?°PP (55 M, we have that hg^ is the extension of scalars of '0(A,i)- 

Given another pair {A',t') with CM by K corresponding to [5^,3'^], by Skolem- 
Noether, there exists g G G(Q), such that V'(A',i') = 9~^'4'{A,i)9- This implies that 
5g^ = g'^hg^g and 5^ = gooff, hence [g'^,g'f\ = [ffoo,5/3^^]- We conclude that 
{A' ^i') is isogenious to {A,i) by Proposition 13.31 This proves (i). 

Let (T G Aut(C) and assume that {A,i) corresponds to the double coset [gooA]- 
The pair [A'^ ,1'^) satisfies End(yl,i) — End(A'^,i°'), thus it correspond to a point 
[ffoo,5/] G ^Qx by {i). Fix a O-module isomorphism (/? : Ator — ^ -B/C The choice 
of a representative gj such that Ig^ C O fixes a O-module isomorphism Lp' : A^^^ — > 
B/O and an isogeny ^a : (A'^,i'^) -> (A, i) such that if{iia{Q)) — (p'{Q)gf. Since 
A^Q^ is isomorphic to Ator by means of the O-module isomorphism P >-» P'^, we 
have that (p(/io^(P'^)) G ip{P)0^ gj. We compute that, for every A G End(A,i), 

M^(A(a.,(P'^)))^"'=(m>Ao;,,)-"\f), (^>Ao^,)-"'GEnd(A,j), 

Therefore the map (p{P) 1— J> (p{^a-{P'^)) is in the commutator of Oif in O. This 
implies that we can choose a representative of [gf] G 0^\G{Af) in the commu- 
tator NAi^f) of End(A, i) in G{Af). Hence we can suppose that gf G O^ n 
NA{Af)\NA{Af)/K^. This double coset space is the semi-direct product of Z/2Z 
and 0^\A^ f/K^ — C\{Ok), which is of couse finite. Thus the set of isomorphism 
classes {{A"',i°') : a G Aut(C)} is finite. This implies that (A,i) admits a model 
over Q. By (ii) we deduce that (A, i) is an abelian Q-surface with QM, this proves 

Part (iii) follows directly from Theorem 14.21 and Shimura's Reciprocity Law [U 
Main Theorem I]. 

Finally, note first that the class jK^ is an element in NA{Af)/K^ of order 2 and 
NA{Af)/K^ = A^ j:/K^ X ijK^). Let CTc G Aut(C) denote complex multiplication 
automorphism. Since (A, i) is defined over Q, the automorphism Cc acts as an 
element in Gal(Q/Q) on Q-rational points of {A,i). Recall that A = {B(g)R)g^/0, 
where the complex structure on {B (g) M)g^ is given by hg^ , the scalar extension of 
ip{A,i) '■ Ok ^^' C)°PP. Complex conjugation must be the unique automorphism 7 on 
(_B(X)R) such that ^ohg^{z) = hg^{z°''')o'y, for all z G C^. Therefore 7 corresponds 
to conjugate by j since '4'(A,i){k)j~^bj = j~'^tp{A,i){k'"')bj, for all b £ B, k e K"" . 
This implies that A"" = {B®M)g^j/0 = {B®R)g^/Oj and we have the following 
diagram: 

■'^tor "^ -^tor ^tor 

B/O ^ B/Oj ^ BIO 

' bi-^bj ' ■' b<-^b ' 
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Thus <fi{nac {P'^")) — v{P)h which imphes P(A.t){<^c) — jK^ . Since p^^ ^ s maps ex- 
haustively GaA{K/K) to A^j/K"" by (Hi), and Gal(Q/Q)/Gal(i^/i^) c^i Gal{K/Q), 
which is generated by the image of CTc, part (iv) follows. D 
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